Abstract. We show sufficient criteria for a group of homeomorphisms acting on a metric space X to extend to one acting on a given compactification of X. We give examples for when this can fail when one of the criteria is not met.
Introduction
Let A : G×X → X be a group action on a separable metric space X. The goal of this paper is to present sufficient conditions when given a compactification C of X that the group action A will extend to a group actionÂ : G × C → C. Obviously, these conditions must require that each element of the group G have an extension from a homeomorphism on X to a homeomorphism on C. However, it is possible for the group action to fail to extend, as a group action, even when each of the elements of G extends. We give examples when each of the further conditions that we impose is not met that causes the group action to fail to extend. Originally this was motivated in an attempt on the Hilbert-Smith conjecture, by means of extending a free p-adic group action on the space of irrationals [1] . However this result can have its own uses beyond our attack on the Hilbert-Smith conjecture.
Extending Group Actions
In the theorem below we give sufficient conditions to guarantee the extension of the group action as a group action. Later we will discuss possible consequences from not imposing these conditions. Theorem 2.1. Let X be a metric space, G be a compact metric group, and A : G × X → X be a topological group action. If (C, d c ) is a metric compactification of X such that for all g ∈ G the map A(g, ·) = g(x) : X → X extends continuously toÂ(g, ·) =ĝ(x) : C → C, then A : G × C → C is a continuous group action.
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Proof. For ease of notation, define for each g ∈ G the map g : C → C by g(x) =Â(g, x).
By way of a contradiction, suppose thatÂ is not continuous. With this assumption we will show that there is an element h ∈ G such that the function h :=Â(h, ·) : C → C is not continuous.
SinceÂ is not continuous, C is metric, and X is dense in C there is a sequence
Claim 1. Without loss of generality we may assume g = e ∈ G.
If the sequence g
x ∈ C and we may assume that g = e ∈ G.
Claim 2. Without loss of generality we may assume that g i (x i ) converges to y = x.
x ∈ C and C is a compact metric space the sequence
Claim 3. There is a sequence of group elements {h j ∈ G} ∞ j=0 , sets
For sake of induction, we define h 0 := e ∈ G and
Since g i → e in G, for the compact (finite) set {x m k+1 } there is a number N k+1 > m k+1 such that whenever n > N k+1 the point
There is an h ∈ G such that h(x) :=Â(h, ·) : C → C is not continuous which contradicts our assumption thatÂ is continuous.
Since C is a compact metric space, there is a subsequence of {u k } ∞ k=1 which converges to a single point in C. Without loss of generality ignore subindices. Let z ∈ C such that u k → z in C. Since diam(W n ) → 0, we also have v k → z in C as well.
Since G is a compact metric group, the sequence {h k } ∞ k=1 has a convergent subsequence to an element in G. Without loss of generality ignore subindices. Let h ∈ G such that h k → h in G.
For a fixed i ∈ N and the corresponding compact (finite, two point)
Since h ∈ G we should have h : C → C being continuous, so h(u i ) → h(z) ∈Ū and h(v i ) → h(z) ∈V . Thus we have h(z) ∈Ū ∩V = ∅ which means that h : C → C is discontinuous as claimed. This is a contradiction and thus it must be the case thatÂ is continuous as desired.
Examples
One might think that simply requiring every element of a group action upon a space to extend would be sufficient to force the group action to extend. However, we impose by Theorem 2.1 two additional criteria, namely that the group be compact and that the compactification be metric. We now give an example of a simple space, provide free group actions on that space, and demonstrate that these group actions will not extend when one of the criteria from the theorem is not met.
Consider the space X := N × Z 2 , where N denotes the natural numbers and Z 2 the group of two elements. Let C be a compactification of N and let Y := C × Z 2 be the corresponding compactification of X.
We will first show that the condition that the group be compact is not a spurious choice. We will define a free group action on X by a non-compact group, and show that this group action does not extend to any compactification, Y , defined above. Define for each i ∈ N, the homeomorphism f i : X → X given by:
Let e : X → X be the identity, and let G w be the group generated
(in other words the countable weak product of Z 2 actions). For any compact set K, let N K := max{n ∈ N|(n, z) ∈ K}, then for i > N K we have f i| K = e. We have that f i → e with the topology generated by convergence on compact sets.
For each i ∈ N the homeomorphism f i extends to af i : Y → Y by:
Letê : Y → Y be the identity on Y . The extension,f i , is also a homeomorphism since the function f i is a homeomorphism, the composition f i •f i =ê, and for any neighborhood N y of Y \ X where N y ⊂ Y \ {(n, z)|n ≤ i, z ∈ Z 2 } we havef i| Ny =ê and, thusf i is continuous. Since every g ∈ G w is the finite composition of elements from {f i } ∞ i=1 , the map g : X → X extends to a homeomorphismĝ : Y → Y as well.
Yet, in the sequence
, we do not havef i →ê. To see this, consider α ∈ Y \ X and any neighborhood, N α ⊂ Y , of α. For every N ∈ N, there is an n N > N such that (n N , z) ∈ N α for some z ∈ Z 2 . Nowf n N (n N , z) =ê(n N , z) = (n N , z), so limf i =ê.
Even though every element of the group G w extends to a homeomorphism from Y to itself and the group structure on G w is maintained, the topology of the group action is not. It is possible to define extensions of G w to some compactifications of X, but not those compactifications in the form that we defined for Y . Given a Y defined above, define
The group action G w extends as a group action to Z, where for every f ∈ G w we have f |Z\X ≡ 1 Z , the identity on the space Z.
Next we will justify our decision to require also that the compactification be a metric compactification. Let us consider a larger group, a compact zero-dimensional group
. These functions yield a G s group action on X. If, for every γ ∈ G s , the homeomorphism f γ extends to a homeomorphismf γ : Y → Y , then we will show that C = βN, the Stone-Cech compactification of N.
is open in Y and since f γ extends to a homeomorphismf γ , there is a continuous extensionF γ : C → {0, 1} given byF Again, as was the case with G w acting on X, there are extensions of the group action G s to compactifications of X but we cannot mandate that those compactifications be of the form given to Y . We see in this example a free compact zero dimensional group action that does not have any extension to a free action.
Moreover the use of Z 2 as a factor of X in our example could have been replaced by a more interesting compact group such as the p-adic numbers or some other pro-finite group without difficulty.
